TUTORIAL on Ordered Sets and Lattices
Discrete Structures
1. Consider the set N of positive integers. Every number in N can be written uniquely as a product of non-negative power of 2 times an odd number. Suppose a and a` are positive integers such that

a = 2r(2s+1)  and a` = 2r`((2s`+1)

where r and r` are non-negative integers. We define :

a<a`           if r<r`            or if         r=r` but s<s`

Insert the correct symbol < or > between each of the following pair of numbers:

(a)  5 __14 

(b) 6 __9

(c) 3__20

(d) 14__21

Answer: <,>,>,> Find the values of r and s for every number and check the rule

2. Prove that if S is a finite poset with n elements. Then there exists a consistent enumeration f:S({1,2,......n} 

Answer: The proof is by induction on the number n of elements in S. Suppose n=1, say S = {s}. Then f(s) = 1is a consistent enumeration of S. Now suppose n>1 and the theorem holds for posets with fewer than n elements. Let a in S be a minimal element. [Such an element exists since S is finite]. Let T =S\{a}. Then T is a finite poset with n-1 elements and hence, by induction, T admits a consistent enumeration; say g:T({1,2,......n-1}. Define f:S({1,2....n} by

f(X) = 1,             if x=a

          g(x)+ 1    if  x!=a

3. Give an example of a finite non-linearly ordered set X = (A, R) which is isomorphic to 

Y = (A,R-1), the set with the inverse order. 

Answer: Let R be the partial ordering of A = {a,b,c,d,e} pictured in Fig 1. Then Fig 2 shows A with the inverse order R-1 . The diagram of R is simply turned upside down to obtain R-1. 


4. Consider a relation ∝ on the set of functions from N+ to R, such that f ∝ g if and only if f = O(g). Is ∝ an equivalence relation? A partial order? A total order? Prove. 
Answer: It is none of the above. Recall that an equivalence relation is reﬂexive, symmetric, and transitive. ∝ is reﬂexive and transitive but not symmetric — let f (n) = n, g(n) = n2 . Here f = O(g) but g != O(f ). It is also clearly not antisymmetric; if f (n) = n and g(n) = 2n, f = O(g) and g = O(f ) but f != g. This prevents ∝ from being a partial order, and thus it is not a total order also.
5. Give an example of  an infinite lattice with finite length (longest distance between any two nodes in  the Hasse diagram)
Answer: L = {0, 1, a1, a2, a3, .....} and let L be ordered, i.e. for each n € N, we have 0 <an<1. Then L has finite length seince L has no infinite ordered subset. 

6. Let [A, <=] be a poset nad let B be a subset of A. Prove:
(a) If b is the greatest element of B, then b is a maximal element of B.

(b) If b is the greatest element of B, then b is a lub of B.

7. Prove that if R is a partial ordering on a set S, then for n >=2, there cannot be a sequence s1, s2....sn, of distinct elements of S such that s1 R s2 R s3 R ................ sn R s1. 
8. Show that weak distributive laws hold for any lattice:

(a) a v(b^c)  <= (aVb)^(aVc)
(b) a^(bVc) >=(a^b)V(a^c)
Answer: 

(a) If a<=c. Then aVc=c. 

(b) Here a<=c, But aV(b^c) = aV0 =a and (aVb)^c = c
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